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A NOTE ON SYMMETRIC SEPARATION IN BANACH SPACES
TOMMASO RUSSO
Abstract. We present some new results on the symmetric Kottman’s constant Ks(X)
of a Banach space X and its relationship with the Kottman constant. We show that
Ks(X) > 1, for every infinite-dimensional Banach space, thereby solving a problem by
J.M.F. Castillo and P.L. Papini. We also investigate such constant in the class of Banach
spaces admitting c0 spreading models, answering in particular one question from our
previous joint paper with P. Hájek and T. Kania.
1. Introduction
The study of distances between unit vectors is an important topic in Banach space theory,
whose origin can be traced back at least to the classical Riesz’ lemma [28] asserting that
the unit ball of every infinite-dimensional normed space contains a 1-separated sequence
(namely, a sequence of vectors whose mutual distances are at least 1). The result was
generalised by Kottman [18], who constructed in every infinite-dimensional normed space
a sequence of unit vectors whose mutual distances are strictly greater than 1. In the same
paper, the author also introduced a parameter, nowadays known as Kottman’s constant
K(X) := sup {σ > 0: ∃ (xn)∞n=1 ⊆ BX σ-separated}
and he conjectured that K(X) > 1 for every infinite-dimensional normed space.
Such a conjecture was indeed solved in the positive by the celebrated Elton–Odell the-
orem [9]. Since then, plenty of results are available in the literature that compute or
estimate the Kottman constant for various classes of Banach spaces. As a sample of some
these results, and source for several additional references, let us refer to [5, 6, 7, 19, 20, 26].
Several variations of the above problem have been considered in the literature. Let us
mention, among them, the study of equilateral sets [11, 17, 22, 23, 30, 31], antipodal sets
[13] and symmetrically separated sets [5, 6, 14]; this last notion will be the one relevant for
our note. Let us therefore remind that a subset A of a normed space X is symmetrically
δ-separated when ‖x ± y‖ > δ for any distinct elements x, y ∈ A; accordingly, one also
Date: April 30, 2019.
2010 Mathematics Subject Classification. 46B20, 46B04 (primary), and 46B15, 46B06 (secondary).
Key words and phrases. Symmetrically separated vectors, (symmetric) Kottman’s constant, non-strict
Opial property, Tsirelson’s space.
Research of the author was supported by the project International Mobility of Researchers in CTU
CZ.02.2.69/0.0/0.0/16_027/0008465 and by Gruppo Nazionale per l’Analisi Matematica, la Probabilità e
le loro Applicazioni (GNAMPA) of Istituto Nazionale di Alta Matematica (INdAM), Italy.
1
2 T. RUSSO
introduces the symmetric Kottman’s constant as follows:
Ks(X) := sup {σ > 0: ∃(xn)∞n=1 ⊂ BX symmetrically σ-separated} .
Such constant has been explicitly defined for the first time in [6], although the notion of
symmetric separation could be traced back at least to [24, Definition 2.1] and it is closely
related to James’ work on uniformly non-square Banach spaces [15] (cf. [6, p. 78-79]).
In this context the first natural question (stated as Problem 1 in [6]) is the validity of a
symmetric counterpart to the Elton–Odell theorem, i.e., is Ks(X) > 1 for every infinite-
dimensional Banach space X? It is, for example, an immediate consequence of James’
non-distortion theorem [15] that Ks(X) = 2, whenever X contains a copy of c0 or ℓ1.
Moreover, an adaptation of the same argument to ℓp yields that K
s(X) > 21/p, whenever
X contains a copy of ℓp (1 6 p <∞), [18, Theorem 3]. Castillo and Papini [6] also proved
that Ks(X) > 1 whenever X is uniformly non-square, or a L∞-space. Let us refer to the
recent paper [14] for more detailed references to the literature and for stronger results in
the same direction; it is proven, for instance, that Ks(X) > 1 whenever X contains an
infinite-dimensional separable dual Banach space, or an unconditional basic sequence.
Although these results cover quite a large class of Banach spaces, the problem in its full
generality is not settled by any of the above papers. Our first main contribution in this
note consists in showing how to derive a positive answer directly from the Elton–Odell
theorem. To wit, we prove the following theorem.
Theorem A. Let X be an infinite-dimensional Banach space. Then, for some ε > 0, the
unit ball of X contains a symmetrically (1 + ε)-separated sequence.
It is important to to observe that, although Theorem A subsumes many results from
[5, 6, 14], it doesn’t reduce their interest and, in a sense, motivates them; indeed, the validity
of Theorem A tells that the symmetric Kottman’s constant is a reasonable variation over
Kottman’s constant and therefore stimulates its investigation. The proof of the Theorem,
together with some quantitative improvements, will be presented in §2; a second, similar,
its proof will be given in §3.
In the second part of our note, §4, we shall be concerned with Banach spaces that admit
c0 spreading models. In order to motivate such investigation, let us remind thatK
s(X) = 2,
whenever X admit a spreading model isomorphic to ℓ1, [14, Corollary 5.6]. Since this result
heavily depends on a version of James’ non-distortion theorem for spreading models, which
is also available for Banach spaces with c0 spreading models (compare [3, Proposition II.2.4]
with [3, Lemma III.2.4]), it was temptful to conjecture that Ks(X) = 2 when X admits
a c0 spreading model. On the other hand, the prototypical example of a symmetrically
2-separated sequence in c0 is −en+1 +
∑n
j=1 ej (n ∈ N), which, in light of the increasing
supports of the vectors, can not be transferred through a spreading model.
In the second main result of this note we show that, indeed, the problem with vectors
having ‘long support’ can not be circumvented. The result, whose formal statement in
given in Theorem B below, solves in the negative [14, Problem 5.11] in a very strong way.
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Theorem B. For every ε > 0 there exists a Banach space X every whose spreading model
is isomorphic to c0 and such that K(X) 6 1 + ε.
In conclusion to this section, let us mention that our notation in this note is standard
and follows, e.g., [1]. Let us just remind here (see, e.g., [1, p. 53]) that an unconditional
basic sequence (ej)
∞
j=1 in a Banach space X is suppression 1-unconditional if for every finite
subset A of N one has∥∥∥∥∥
∑
j∈A
αjej
∥∥∥∥∥ 6
∥∥∥∥∥
∑
j∈N
αjej
∥∥∥∥∥ ((αj)∞j=1 ∈ c00) .
2. A symmetric version of the Elton–Odell theorem
Proof of Theorem A. We can assume thatX contains no copy of ℓ1, since otherwiseK
s(X) =
2, in light of James’ non-distortion theorem [15]. Therefore Rosenthal’s ℓ1 theorem [29]
yields the existence of a weakly null normalised sequence (xj)
∞
j=1 in X. Due to the Bessaga–
Pełczyński selection principle (see, e.g., [1, Proposition 1.5.4]), we can additionally assume
that (xj)
∞
j=1 is a basic sequence with basis constant less than 4/3.
By James’ non-distortion theorem, we may also assume that X contains no copy of
c0. Consequently, the proof of the Elton–Odell theorem (see [9, Remarks. (1)]) yields the
existence of a normalised block sequence (uj)
∞
j=1 of (xj)
∞
j=1, which is a (1 + ε)-separated
sequence, for some ε > 0.
Let us now fix a parameter η > 0 with η < min{ε, 1/2} and consider the colouring c of
[N]2 given by:
{n, k} 7→
{
(>) if ‖un + uk‖ > 1 + η
(6) if ‖un + uk‖ 6 1 + η.
By Ramsey’s theorem [27], we can select an infinite monochromatic subset M of N, i.e.,
such that c is constant on [M ]2. In the case where the colour of every pair {n, k} ∈ M
is (>), then (uj)j∈M is evidently a symmetrically (1 + η)-separated sequence, and we are
done.
In the other case, up to passing to a subsequence, we can assume that ‖un+uk‖ 6 1+ η
for distinct n, k ∈ N; therefore the vectors
yj :=
u1 + uj+1
1 + η
(j ∈ N)
belong to the unit ball of X. Finally, for distinct n, k ∈ N we have
‖yn − yk‖ = 1
1 + η
‖un+1 − uk+1‖ > 1 + ε
1 + η
and (exploiting that the basis constant of (uj)
∞
j=1 is less than 4/3)
‖yn + yk‖ = 1
1 + η
‖2u1 + un+1 + uk+1‖ > 3
4(1 + η)
‖2u1‖ = 3
2(1 + η)
.
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Therefore, the sequence (yj)
∞
j=1 is symmetrically r-separated, where r := min
{
1+ε
1+η
, 3
2(1+η)
}
>
1, and we are done. 
It is perhaps clear that the above argument admits a quantitative counterpart, upon
choosing the parameters in the optimal way. More precisely, we have the following propo-
sition.
Proposition 2.1. Assume that the unit ball of a Banach space X contains a weakly null
(1 + ε)-separated sequence, where ε ∈ (0, 1). Then, the unit ball also contains a symmetri-
cally
√
1 + ε-separated sequence.
Proof. Choose one such weakly null (1 + ε)-separated sequence (uj)
∞
j=1 and, up to passing
to a subsequence, assume that it is basic, with basis constant less than 2/(1+ ε) (here, we
use that ε < 1). Then, choose η :=
√
1 + ε− 1 and apply Ramsey’s theorem as above.
In the case where the infinite set M has colour (>), the sequence (uj)
∞
j=1 is already
symmetrically
√
1 + ε-separated; in the other case, the sequence (yj)
∞
j=1 as in the previous
proof is immediately seen to be symmetrically
√
1 + ε-separated. 
The above proposition allows us to obtain an interesting estimate for Ks(X) in terms of
K(X) for certain classes of Banach spaces. In order to explain this, we need some results
from [8] and [20]. In the paper [8], Dronka, Olszowy and Rybarska-Rusinek introduced a
constant, denoted γ0(X), as follows:
γ0(X) := sup {r > 0: ∃ (xn)∞n=1 ⊆ BX weakly null and r-separated} .
With this notation, we can restate Proposition 2.1 as the validity of the inequality, for
every Banach space X,
(2.1) Ks(X) >
√
γ0(X).
In the same paper, the authors show that γ0(X) = K(X) for every reflexive Banach
space X with a co-monotone Schauder basis (ei)
∞
i=1, namely such that∥∥∥∥∥
∞∑
i=n
aiei
∥∥∥∥∥ 6
∥∥∥∥∥
∞∑
i=1
aiei
∥∥∥∥∥ ,
for every n ∈ N and (ai)∞i=1 ∈ c00.
This result has been generalised by Maluta and Papini [20] to the class of reflexive
Banach spaces with the non-strict Opial property. Let us recall that a Banach space X
has the non-strict Opial property if for every sequence (xn)
∞
n=1 in X with weak limit x and
every y ∈ X
lim inf
n→∞
‖xn − x‖ 6 lim inf
n→∞
‖xn − y‖.
We refer to [20, Theorem 4.1] for the proof that K(X) = γ0(X), for reflexive Banach
spaces X with the non-strict Opial property and to [20, Proposition 4.2] where it is proved
that this is, indeed, a generalisation of [8]. Let us also observe that every suppression
1-unconditional basis is obviously co-monotone. Combining these results with (2.1), we
therefore arrive at the following corollary.
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Corollary 2.2. Let X be a reflexive Banach space with the non-strict Opial property. Then
Ks(X) >
√
K(X).
It is a classical result of James [16] that a Banach space with unconditional basis is
reflexive, provided it contains no copies of c0 or ℓ1. Since for Banach spaces containing a
copy of c0 or ℓ1 the conclusion of the above corollary is obviously true, we also obtain the
following result.
Corollary 2.3. Let X be a Banach space with a suppression 1-unconditional Schauder
basis. Then
Ks(X) >
√
K(X).
In conclusion to this section, let us notice that the two above corollaries leave plenty of
space for further investigation on the comparison between Ks(X) and K(X), for a given
infinite-dimensional Banach space. In particular, we don’t know whether the estimate
contained in the conclusion to Corollary 2.2 is sharp. Moreover, it would be interesting
to know how large the gap K(X) − Ks(X) could be; for example, what is the minimal
possible value for Ks(X) for a Banach space X such that K(X) = 2?
3. A second proof of Theorem A
In this short part, we shall give a second proof of Theorem A, in the language of spreading
models. Very recently, Freeman, Odell, Sari, and Zheng [12] have distilled a sufficient
condition for a Banach space to contain c0, which readily implies the Elton–Odell theorem;
we shall show below how to directly derive the symmetric version of the theorem from their
result. Since such proof is actually just a variation of the argument above, we shall only
sketch it. Let us start by stating the result from [12] that we need; let us refer to [3] or
[25] for basic notions on spreading models.
Theorem 3.1 ([12, Theorem 4.1]). Let (xj)
∞
j=1 be a normalised, weakly null basis for a
Banach space X that contains no copy of ℓ1. Assume that whenever (yj)
∞
j=1 is a normalised,
weakly null block sequence of (xj)
∞
j=1 with spreading model (ej)
∞
j=1 one has ‖e1 − e2‖ = 1.
Then X contains a copy of c0.
Second proof of Theorem A. By James’ non-distortion theorem, we can assume that X
contains no copies of c0 or ℓ1. Consequently, up to passing to a subspace, we may assume
thatX admits a normalised, weakly null Schauder basis (xj)
∞
j=1. According to [12, Theorem
4.1], we therefore derive the existence of a normalised, weakly null block basic sequence
(yj)
∞
j=1 of (xj)
∞
j=1 that admits a spreading model (ej)
∞
j=1 satisfying ‖e1 − e2‖ > 1. Indeed,
(yj)
∞
j=1 being weakly null, (ej)
∞
j=1 is suppression 1-unconditional (see, e.g., [3, Proposition
I.5.1]), whence ‖e1 − e2‖ > ‖e1‖ = 1.
We now distinguish two cases: if ‖e1 + e2‖ > 1, it readily follows from the definition
of spreading models that there exists k ∈ N such that (yj)∞j=1 is symmetrically (1 + ε)-
separated, for some ε > 0.
In the other case, where ‖e1+e2‖ = 1, let ε > 0 be such that ‖e1−e2‖ > 1+ε and consider
the vectors fj := e1 + ej+1 (j ∈ {1, 2}). Evidently, ‖f1‖ = 1, ‖f1− f2‖ = ‖e1− e2‖ > 1 + ε
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and ‖f1+f2‖ = ‖2e1+e2+e3‖ > 2, by the suppression 1-unconditionality. Let us now fix a
small parameter η > 0; the above inequalities imply, up to discarding finitely many terms
from the sequence (yj)
∞
j=1, that ‖y1+ yj+1‖ 6 1+ η, ‖(y1+ yj+1)− (y1+ yk+1)‖ > 1+ ε− η
and ‖(y1 + yj+1) + (y1 + yk+1)‖ > 2− η, for distinct j, k ∈ N. Therefore, the vectors
uj :=
y1 + yj+1
1 + η
(j ∈ N)
constitute the desired symmetrically separated sequence in BX , with separation at least
1+ε−η
1+η
> 1 (provided η is chosen sufficiently small). 
4. c0 spreading models
The main goal of the present section is to show that the assumption on a Banach space
X to admit a spreading model isomorphic to c0 is not sufficient to imply any estimate on
its Kottman’s constant. In particular, we will prove Theorem B and we will give one its
generalisation, in the form of an upper estimate for the Kottman’s constant of a class of
asymptotically-c0 Banach spaces.
Let us start by briefly reminding the definition and basic properties of Tsirelson’s space,
[32, 10] (also see, e.g., [4]). If E and F are finite subsets of N we write E < F as a
shorthand for maxE < minF ; in the case where E = {k} is a singleton, we write k < F
in place of {k} < F . Analogous meaning is given to the expressions E 6 F , or k 6 F .
Moreover, for a vector x ∈ c00 and a finite subset E of N, we shall denote by Ex the vector
(χE(j) · x(j))∞j=1.
Definition 4.1 ([10]). Let θ ∈ (0, 1) and denote by ‖·‖Tθ the unique norm on c00 that
satisfies the following equation
‖x‖Tθ = max
{
‖x‖∞, θ sup
{
k∑
j=1
‖Ejx‖Tθ : k ∈ N, k 6 E1 < · · · < Ek
}}
(x ∈ c00).
Tsirelson’s space Tθ is the completion of (c00, ‖·‖Tθ).
It follows easily from the definition that the canonical basis (ej)
∞
j=1 is a suppression 1-
unconditional basis for Tθ. It is also clear that for every normalised block sequence (uj)
∞
j=1
of the canonical basis and for every k ∈ N there exists a finite subsequence uj1, . . . , ujk
such that
θ ·
k∑
i=1
|αi| 6
∥∥∥∥∥
k∑
i=1
αiuji
∥∥∥∥∥
Tθ
6
k∑
i=1
|αi|, (α1, . . . , αk ∈ R).
We will be interested in the dual to Tθ, nowadays known as the original Tsirelson’s
space and denoted T ∗θ . Such Banach space was constructed by Tsirelson in [32] as the
first example of an infinite-dimensional Banach space that contains no copy of c0 or ℓp
(1 6 p <∞).
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Standard duality arguments prove that the biorthogonal functionals (e∗j )
∞
j=1 to (ej)
∞
j=1
constitute a suppression 1-unconditional Schauder basis for T ∗θ . Moreover, for every nor-
malised block sequence (uj)
∞
j=1 of the canonical basis and for every k ∈ N there exists a
finite subsequence uj1, . . . , ujk such that
(4.1) max
i=1,...,k
|αi| 6
∥∥∥∥∥
k∑
i=1
αiuji
∥∥∥∥∥
T ∗
θ
6
1
θ
max
i=1,...,k
|αi|, (α1, . . . , αk ∈ R).
An easy deduction from the above property and the Bessaga–Pełczyński selection prin-
ciple is the well known fact that every spreading model of T ∗θ is isomorphic to c0 (see, e.g.,
[3, p. 121]). Equally well-know is that T ∗θ is a reflexive Banach space. For a discussion of
all such properties, we refer to Chapter I in the aforementioned monograph [4].
We shall now compute the (symmetric) Kottman’s constant of T ∗θ .
Theorem 4.2. Let θ ∈ (0, 1) and T ∗θ be the original Tsirelson’s space defined above. Then
K(T ∗θ ) = K
s(T ∗θ ) =
{
2 if θ ∈ (0, 1/2]
1/θ if θ ∈ (1/2, 1).
At the risk of stating the obvious, let us note that Theorem B is a direct consequence
of Theorem 4.2. We could derive the proof of the result under consideration from the
already mentioned result by Maluta and Papini concerning reflexive Banach spaces with
the non-strict Opial property; however, we prefer to offer a direct argument, based on the
suppression 1-unconditionality. As the reader will see, the proof is based on a sliding hump
argument, somewhat similar to Kottman’s proof ([18]) that K(ℓp) = 2
1/p, for 1 6 p <∞.
Proof. Let us start with a lower bound for Ks(T ∗θ ), which is simply obtained by checking
the canonical basis (e∗j)
∞
j=2. Indeed, given natural numbers 2 6 i < j, in the definition
of ‖·‖Tθ the optimal choice of sets E1, . . . , Ek is clearly given by E1 = {i} and E2 = {j}.
Consequently, we obtain
‖ei ± ej‖Tθ = max {‖ei ± ej‖∞, 2θ} = max {1, 2θ} ,
whence
2 = 〈e∗i ± e∗j , ei ± ej〉 6 max {1, 2θ} · ‖e∗i ± e∗j‖T ∗θ .
This leads us to the desired lower bound
Ks(T ∗θ ) >
{
2 if θ ∈ (0, 1/2]
1/θ if θ ∈ (1/2, 1).
Therefore, the argument will be concluded when we show that K(T ∗θ ) 6 1/θ whenever
θ ∈ (1/2, 1). Let us thus pick an arbitrary r-separated sequence (xj)∞j=1 in the unit ball of
T ∗θ and assume, up to passing to a subsequence, that it admits a weak limit, say x.
Let us now fix arbitrarily a parameter η > 0; we may then find a finite subset E of N, of
the form E = {1, . . . , N}, such that ‖x−Ex‖T ∗
θ
< η. Since (xj)
∞
j=1 converges to x weakly,
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up to discarding finitely many terms from the sequence, we can additionally assume that
‖Exi −Exj‖T ∗
θ
< η, for every i, j ∈ N.
Setting E∁ := N \ E, we therefore obtain, for distinct i, j ∈ N,
(4.2) r 6 ‖xi − xj‖T ∗
θ
6
∥∥∥E∁xi − E∁xj∥∥∥
T ∗
θ
+ η =
∥∥∥E∁(xi − x)− E∁(xj − x)∥∥∥
T ∗
θ
+ η.
Let us now observe that
(
E∁(xj − x)
)∞
j=1
is a weakly null sequence, whose terms satisfy
‖E∁(xj − x)‖T ∗
θ
6 ‖E∁xj‖T ∗
θ
+ ‖x−Ex‖T ∗
θ
6 1 + η (j ∈ N),
where we used the suppression 1-unconditionality in the last inequality. Consequently,
up to passing to one more subsequence, we can assume that there exists a block sequence
(uj)
∞
j=1 of the canonical basis such that ‖E∁(xj−x)−uj‖T ∗θ < η. Evidently, ‖uj‖T ∗θ < 1+2η.
Up to passing to one more, last, subsequence, (4.1) then yields
‖u1 − u2‖T ∗
θ
6
1
θ
max{‖u1‖T ∗
θ
, ‖u2‖T ∗
θ
} 6 1 + 2η
θ
.
Finally, insertion of this last inequality into (4.2) leads us to
r 6 ‖u1 − u2‖T ∗
θ
+ 3η 6 3η +
1 + 2η
θ
,
whence the desired estimate K(T ∗θ ) 6 1/θ follows, upon letting η → 0+. 
Let us observe that the proof of the upper estimate in the previous argument didn’t
depend on any specific property of the norm of T ∗θ ; it only depended on reflexivity, the c0-
behaviour of basic sequences contained in (4.1) and the suppression 1-unconditionality. We
already commented that, more generally, we could have used the non-strict Opial property,
instead of unconditionality. Therefore, the above proof also offers us a more general result,
whose formulation requires the notion of asymptotic c0 Banach space (see, e.g., [2], or [21]
for a more general definition that does not require the existence of a Schauder basis).
Definition 4.3 ([2, Definition III.4.1]). A Banach space with a Schauder basis (ej)
∞
j=1 is
said to be λ-asymptotic c0 if for every normalised block basis (xj)
∞
j=1 and every n ∈ N there
exists a finite subsequence xj1 , . . . , xjn which is λ-equivalent to the canonical basis of ℓ
n
∞
.
We are now in position to state and prove a general result that subsumes the above
result on the original Tsirelson’s space.
Theorem 4.4. Let X be a reflexive, λ-asymptotic c0 Banach space with the non-strict
Opial property. Then
K(X) 6 λ.
Proof. According to [20, Theorem 4.1], we know that K(X) = γ0(X). Fixed arbitrarily
η > 0, we can therefore select a weakly null (K(X) − η)-separated sequence (xj)∞j=1 in
the unit ball of X. Up to passing to a subsequence, we can assume that there exists a
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block basis (uj)
∞
j=1 of the basis (ej)
∞
j=1 such that ‖xj − uj‖ < η. The assumption X being
λ-asymptotic c0 then implies, up to passing to a further subsequence,
‖uj − ui‖ 6 λmax{‖uj‖, ‖ui‖} 6 (1 + η)λ.
Consequently,
K(X)− η 6 ‖xi − xj‖ 6 ‖uj − ui‖+ 2η 6 (1 + η)λ+ 2η,
whence the conclusion follows by letting η → 0+. 
In conclusion of our note, let us observe that all the assumptions in the above result
are necessary. The Banach space c0 itself is an obvious example that the assumption of
reflexivity can not be dispensed with. More interesting is the fact that some ‘monotonicity’
assumption is indeed necessary. This is consequence of the result by Castillo, Gonzáles,
and Papini [5, Theorem 4.2] that every Banach space is isometric to a hyperplane of a
Banach space with Kottman’s constant equal to 2. When combined with the obvious fact
that a Banach space is λ-asymptotic c0 whenever some its hyperplane is so, we readily
conclude that, for every λ > 1 there exists a reflexive, λ-asymptotic c0 Banach space whose
Kottman’s constant equals 2.
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with Pavlos Motakis, at the conference Non Linear Functional Analysis held at CIRM,
Marseille. In particular, Pavlos Motakis suggested us the second proof of Theorem A
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